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Abstract
The only noncommutative ring for which the real spectrum has been described so far is the
quantum affine ring Rq [x, y] [J. Algebra 212 (1999) 190]. The aim of this paper is to describe the real
spectra of quantum affine rings kq[x1, . . . , xn] where k is a formally real affine R-algebra and q ∈
Mn(R
+). As a by-product we describe the real spectra of quantized enveloping algebra Uq(sl2(R))
and quantum special linear groupOq(SL2(R)). Formal reality and semireality is characterized for the
following classes of quantum groups: quantum affine rings, quantized enveloping algebras, quantized
function algebras, quantized Weyl algebras.
 2004 Elsevier Inc. All rights reserved.
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1. Introduction
Let R be a ring. A subset P ⊆R is an ordering if P ·P ⊆ P , P +P ⊆ P , P ∪−P =R,
and P ∩ −P is a prime ideal of R. The set of all orderings of R is denoted by SperR
and called the real spectrum of R. The rings with nonempty real spectrum are called
semireal rings. The study of real spectra of noncommutative semireal rings is called the
noncommutative real algebraic geometry. The pioneering work in this field has been done
by Murray Marshall and his school [18,21,22].
The mapping supp : SperR → SpecR defined by supp(P ) = P ∩ −P is called the
support. Prime ideals in the image of supp are called real prime ideals. They are always
completely prime. If J is a real prime ideal of R, then the image and preimage of the
canonical projection R →R/J give a one-to-one correspondence between orderings of R
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R/J has a skew field of fractions Fract(R/J ). In this case, we also have a one-to-one
correspondence between support zero orderings of R/J and orderings of Fract(R/J ). The
problem of describing the real spectrum of a Noetherian semireal ring R therefore consists
of two subproblems:
(1) Describe the real prime ideals of R.
(2) For every real prime ideal J of R describe all orderings of Fract(R/J ).
A unital ring R is formally real if it has a support zero ordering. Every formally real ring
is a domain. A simple ring is formally real if and only if it is semireal.
In Section 2, we study quantum affine rings kq[x1, . . . , xn]. We characterize their formal
reality and semireality. We can reduce the description of their real spectra to the description
of the real spectra of polynomials rings, which is known for k = R by [18, Theorem 3.3].
Example. Let Γ be a totally ordered group, R((Γ )) its powers series field ordered by the
sign of the lowest nonzero coefficient and φ1, . . . , φl ∈ R((Γ )). Then
Pφ1,...,φl =
{
f ∈ R[x1, . . . , xl]: f (φ1, . . . , φl) 0
}
is an ordering of R[x1, . . . , xl]. For Γ = (R2l−1,+) ordered lexicographically, the mapping
(φ1, . . . , φl) → Pφ1,...,φl gives a one-to-one correspondence between “distinguished
l-tuples” and Sper(R[x1, . . . , xl]).
If R is an formally real affine R algebra, then R ∼= R[x1, . . . , xm]/J for a number m
and real prime ideal J . We can identify Sper(R) with {P ∈ Sper(R[x1, . . . , xm]): J ⊆
supp(P )}.
In Sections 3–5 we discuss quantized enveloping algebras, quantized function algebras,
and quantized Weyl algebras. Their formal reality and semireality are characterized. When
the Gelfand–Kirillov property is satisfied, the description of the real spectrum reduces to
the description of the prime spectrum.
2. Quantum affine rings
Let k be commutative unital ring, k× its set of invertible elements, n a nonnegative
integer, and q = (qij ) ∈ Mn(k×) multiplicatively antisymmetric (i.e., qii = 1 and qij qji =
1 for every i, j = 1, . . . , n). The quantum affine ring kq[x1, . . . , xn] is the k-algebra on n
generators x1, . . . , xn with n2 relations xixj = qij xjxi . If k is a domain, then kq[x1, . . . , xn]
is an Ore domain. Its skew field of quotients is called the quantum Weyl field kq(x1, . . . , xn).
We denote by kq[x±11 , . . . , x±1n ] the localization kq[x1, . . . , xn]x1,...,xn ⊂ kq(x1, . . . , xn).
When n= 2 we write kq21[x1, x2] instead of kq[x1, x2].
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is semireal. It is formally real if and only if k has a support zero ordering such that qij > 0
for all i, j = 1, . . . , n.
Proof. A unital subring of a semireal ring is always semireal. In particular, if kq[x1, . . . , xn]
is semireal, then k is semireal, too. A ring which has a unital homomorphism into a semireal
ring is semireal. In particular, sending x1 → 0, . . . , xn → 0, we get a unital ring homomor-
phism φ : kq[x1, . . . , xn] → k. If k is semireal, then kq[x1, . . . , xn] is semireal, too.
If kq[x1, . . . , xn] has a support zero ordering, then for every i, j = 1, . . . , n the element
xixj and xjxi have the same sign. It follows that qij > 0. Clearly, k has a support zero
ordering, too.
Assume now that k has a support zero ordering such that qij > 0 for all i, j = 1, . . . , n.
Every nonzero element z ∈ kq[x1, . . . , xn] can be written uniquely as z = ∑ri=1 ciMi
where ci 	= 0 for i = 1, . . . , r and Mi are standard monomials in x1, . . . , xn such that
M1 < · · ·<Mn with respect to lexicographic ordering. Writing z > 0 if and only if cr > 0
defines a support zero ordering on kq[x1, . . . , xn]. 
Proposition 2 collects some well-known facts.
Proposition 2. Let k be a commutative domain and q = (qij ) ∈Mn(k×) a multiplicatively
antisymmetric matrix such that the subgroup 〈qij : i, j = 1, . . . , n〉 ⊂ k× is torsion-free.
Write S = kq[x±11 , . . . , x±1n ].
There exists a natural number 0 r  n and integers kij , i, j = 1, . . . , n such that the
elements tj := xkj11 · · ·x
kjn
n have the following properties:
(1) Z(S) = k[t±11 , . . . , t±1r ].
(2) If t lr+1r+1 · · · t lnn ∈ Z(S) for some lr+1, . . . , ln ∈ Z, then lr+1 = · · · = ln = 0.
(3) S ∼= Z(S)p[t±1r+1, . . . , t±1n ] where p ∈ Mn−r (k×) is a multiplicatively antisymmetric
matrix.
(4) Every prime ideal I of S is generated by I ∩ Z(S) and S/I ∼= (Z(S)/I ∩
Z(S))p[t±1r+1, . . . , t±1n ].
Proof. Let us define a mapping
Φ :Zn → (k×)n, Φ(i1, . . . , in)= (qi111 · · ·qin1n, . . . , qi1n1 · · ·qinnn).
The assumption that 〈qij : i, j = 1, . . . , n〉 is torsion-free implies that the kernel N(Φ) of
Φ is a pure subgroup of Zn. By [9, Corollary 28.3], N(Φ) has a direct complement, say
N(Φ)′. Let k1, . . . ,kr be a basis of N(Φ) and kr+1, . . . ,kn a basis of N(Φ)′. For every
j = 1, . . . , n write tj := xkj11 · · ·x
kjn
n where (kj1, . . . , kjn)= kj .
If u = xi11 · · ·xinn , then (x1ux−11 u−1, . . . , xnux−1n u−1) = Φ(i1, . . . , in). Therefore, an
element y = ∑ ckxi1k1 · · ·xinkn is central if and only if xjy = yxj for j = 1, . . . , n if
and only if (i1k, . . . , ink) ∈ N(Φ) for every k such that ck 	= 0. Assertion (1) now
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assertion (1) and the fact that k1, . . . ,kn is a basis of Zn. Since t lr+1r+1 · · · t lnn is colinear to
x
kr+1,1lr+1+...+kn,1 ln
1 · · ·xkr+1,nlr+1+...+kn,nlnn , it belongs to the center if and only if lr+1kr+1 +· · · + lnkn ∈ N(Φ). Since N(Φ) ∩ N(Φ)′ = {0}, it follows that lr+1 = · · · = ln = 0. This
proves assertion (2).
Let I be a prime ideal of S. For any s = r + 1, . . . , n and any polynomials ci in
t1, . . . , ts−1 we have
∑
i ci t
i
s ∈ I if and only if all ci ∈ I . Namely, pick r such that
xr tsx
−1
r t
−1
s = q 	= 1 and note that
∑
i ciq
ij t is = xjs (
∑
i ci t
i
s )x
−j
r ∈ I for every j . Since
(qij ) is an invertible matrix, it follows that cit is ∈ I for every i . Assertion (4) follows by
induction on s. 
Remark. The assumption that 〈qij : i, j = 1, . . . , n〉 ⊆ k× is torsion-free is fulfilled if the
quantum affine ring kq[x1, . . . , xn] is formally real. Since 〈qij : i, j = 1, . . . , n〉 ⊂ P for
an ordering P of k (Proposition 1), it suffices to show that P× = P ∩ k× is a torsion-
free subgroup of k×. Take any x ∈ P× which is a root of 1. If x2 = 1 and x 	= 1, then
x = −1, a contradiction with 1 ∈ P and P ∩ −P = {0}. If x2m+1 = 1 and x 	= 1, then
1+x+· · ·+x2m = 0. Hence −1 = (1+x)2 + (x+x2)2 +· · ·+ (xm−1 +xm)2 +x2m ∈ P ,
a contradiction.
Let R = kq[x1, . . . , xm] be a formally real quantum affine ring. For every n = 0, . . . ,m
write Sn = kqn[x±11 , . . . , x±1n ] where qn is obtained from q by deleting last m−n rows and
columns. By Proposition 2, we can find t1, . . . , tn and pn such that Z(Sn)= k[t±11 , . . . , t±1r ]
and Sn =Z(Sn)pn[t±1r+1, . . . , t±1n ].
Proposition 3. With the notation from above there is a natural one-to-one correspondence
between:
• real prime ideals of R = kq[x1, . . . , xm] which avoid x1, . . . , xn and contain
xn+1, . . . , xm,
• real prime ideals of Z(Sn)= k[t±11 , . . . , t±1r ].
Moreover, if a real prime ideal I of R corresponds to a real prime ideal I ′ of Z(Sn), then
(R/I)x1,...,xn
∼= (Z(Sn)/I ′)pn[t±1r+1, . . . , t±1n ].
Proof. Write Rn = kqn[x1, . . . , xn]. The mappings I → In = I ∩ Rn and In → I =
In + (xn+1, . . . , xm) give a one-to-one correspondence between the set of all ideals of
R which avoid x1, . . . , xn and contain xn+1, . . . , xm and the set of all ideals of Rn which
avoid x1, . . . , xn. Clearly, R/I ∼=Rn/In. Hence, the correspondence preserves real primes.
The subset Un of Rn multiplicatively generated by x1, . . . , xn is a Ore set and Sn =
(Rn)Un . Every completely prime ideal J of Rn which avoids Un extends uniquely to a
completely prime ideal J ′ = J · Sn of Sn. Since Rn/J is formally real if and only if
Sn/J
′ = (Rn/J )Un is formally real, J is a real prime if and only if J ′ is a real prime.
Hence, the extension and restriction give a one-to-one correspondence between the set of
all real primes of Rn which avoid x1, . . . , xn and the set of all real primes of Sn.
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correspondence between the prime ideals of Sn and prime ideals of Z(Sn). Since S/I ∼=
(Z(S)/I ∩Z(S))p[t±1r+1, . . . , t±1n ], the correspondence preserves real primes. 
Example. Let A = R[t]q [x1, x2] with q ∈ R+ \ {1}. Proposition 3 gives the complete list
of real prime ideals J of A. We also list their factor domains A/J for later reference:
(1) Real primes which avoid x1, x2 are in one-to-one correspondence with the real prime
ideals of Z(R[t]q [x±11 , x±12 ])= R[t]. We have two types:• J = (0), A/J ∼=A.
• J = (t − α) (α ∈ R), A/J ∼= Rq [x1, x2].
(2) Real primes which avoid x1 and contain x2 are in one-to-one correspondence with the
real prime ideals of R[t, x1] which avoid x1. We have two types:
• J = (x2), A/J ∼= R[t, x1].
• J = (x2, f (t, x1)) (f (t, x1) 	= x1 irreducible with real zero), A/J ∼= R[t, x1]/
(f (t, x1)). If f has degree zero in x1, then f (t, x1) = t − α for some α ∈ R and
A/J ∼= R[x1]. If f has degree 1 in x1, then A/J is an algebraic extension of R[t].
(3) Real primes which avoid x2 and contain x1. Interchange x1 and x2 in case (2).
(4) Real primes which contain both x1 and x2 are in one-to-one correspondence with the
real prime ideals of R[t]. We have two types:
• J = (x1, x2), A/J ∼= R[t].
• J = (t − α,x1, x2) (α ∈ R), A/J ∼= R.
Remark. Recall that extension and restriction give a one-to-one correspondence between
the set of all support zero orderings of an Ore domain and the set of all orderings of its skew
field of fractions. It follows that for every real prime ideal I of R which avoids x1, . . . , xn
and contains xn+1, . . . , xm, there are one-to-one correspondences between:
• orderings of R with support I ,
• support zero orderings of R/I ,
• support zero orderings of (R/I)x1,...,xn ,
• orderings of Fract(R/I),
• support zero orderings of (Z(Sn)/I ′)pn [t±1r+1, . . . , t±1n ],
• orderings of Fract(Z(Sn)/I ′)pn (t±1r+1, . . . , t±1n ).
The fact that every prime ideal of a quantum affine ring is generated by its intersection
with the center implies the following observation: if t lr+1r+1 · · · t lnn belongs to the center of
(Z(Sn)/I
′)pn (t±1r+1, . . . , t±1n ) for some lr+1, . . . , ln ∈ Z, then lr+1 = · · · = ln = 0. This
observation, together with Theorem 4, gives a description of support zero orderings on
(Z(Sn)/I
′)pn [t±1r+1, . . . , t±1n ].
Let P be a support zero ordering on a domain A. We recall the construction of the
natural valuation vP from [21]. For any a ∈ A write |a| = a if a ∈ P and |a| = −a
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r|a| − |b| ∈ P . Clearly,
• L is transitive and reflexive,
• if a L b for some a, b ∈ A˙, then ac L bc and ca L cb for every c ∈ A˙,
• if ac L bc or ca L cb for some a, b, c ∈ A˙, then a L b,
• for any a, b ∈ A˙, either a L b or b L a.
Let ∼ be a relation, defined by a ∼ b if and only if a L b and b L a. The properties
of L imply that L is a congruence relation and that the factor semigroup ΓP = A˙/ ∼ is
cancellative. The natural projection vP : A˙ → ΓP is called the natural valuation of the
ordering P . The semigroup ΓP is totally ordered by vP (a) vP (b) if and only if a L b.
We call  the natural ordering of ΓP . Note that vP (a + b)min{vP (a), vP (b)} for every
a, b ∈ A˙ such that a + b 	= 0. Moreover, if vP (a) < vP (b), then vP (a + b) = vP (a) and
a, a + b have the same sign with respect to P .
Theorem 4 completes the description of orderings of quantum affine rings over formally
real affine real algebras and with qij ∈ R+.
Theorem 4. Let K be a formally real affine R-algebra, p ∈ Ms(R+) a matrix such that
pii = 1 and pijpji = 1 for every i, j = 1, . . . , s, and let R = Kp[z±11 , . . . , z±1s ] be such
that zl11 · · ·zlss is central if and only if l1 = · · · = ls = 0.
For every support zero ordering Q of K there exists a natural one-to-one correspon-
dence between the set OrdQ(R) of all support zero orderings of R which extend Q and the
set Tot(ΓQ × Zs ) × {−1,1}s where Tot(ΓQ × Zs ) is the set of all total orderings of the
commutative semigroup ΓQ × Zs which extend the natural ordering of ΓQ.
Proof. We will divide the proof into three claims.
Claim 1. For every ordering P ∈ OrdQ(R), any c, d ∈ K , and any i1, . . . , is, j1, . . . , js ∈ Z
we have vP (czi11 · · ·ziss ) = vP (dzj11 · · ·zjss ) if and only if vP (c) = vP (d) and (i1, . . . , is) =
(j1, . . . , js).
The only if part is trivial. Write y1 = czi11 · · ·ziss and y2 = dzj11 · · ·zjss . Write z :=
y2y
−1
1 = pcd−1zj1−i11 · · ·zjs−iss where p ∈ R+. If z ∈ Z(A), then by the assumption on R,
we have that i1 = j1, . . . , is = js . Since vP (z) = 0 and vP (p) = 0, it follows that vP (c)=
vP (d). If z is not central, then there exists t ∈ {z1, . . . , zs} such that tz 	= zt . We know
that tzt−1 = qz for some q ∈ R+, q 	= 1. Replacing t by t−1 if necessary, we may assume
that q < 1. Since vP (q)= 0, it follows that vP (z)= vP (tzt−1). Since vP (z)= vP (1)= 0,
there exists r ∈ Q such that |z| < r . It follows that |z| = qi |t−i zt i | qir for every i ∈ N.
Hence |z|< ε for every ε ∈ Q+. In other words, we get vP (z) > 0, a contradiction.
Claim 2. There is a one-to-one correspondence between the set VQ of equivalence classes
of natural valuations of orderings from OrdQ(R) and the set Tot(ΓQ × Zs ).
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implies that vP (a)= mini vP (cizmi11 · · ·zmiss ). In particular, vP (K˙), vP (z1), . . . , vP (zs) are
Z-linearly independent and they span ΓP . The natural embedding of ΓQ into ΓP identifies
ΓQ with its image vP (K˙). Hence there exists an isomorphism φ :ΓP → ΓQ ×Zs such that
φ(vP (cz
j1
1 · · ·zjss )) = (vQ(c), j1, . . . , js). The natural ordering of ΓP defines via φ a total
ordering F(vP ) of ΓQ ×Zs which extends the natural ordering of ΓQ. If P ′ ∈ OrdQ(R) is
such that vP ′ is equivalent to vP , then ΓP = ΓP ′ and vP = vP ′ . Hence, vP → F(vP ) is a
well-defined mapping from VP to Tot(ΓQ × Zs ).
Conversely, take any O ∈ Tot(ΓQ × Zs ) and define a valuation G(O) from R˙ to the
ordered group (ΓQ × Zs ,O) by
G(O)
(
l∑
i=1
ciz
mi1
1 · · ·zmiss
)
= min
O
{
(vQ(ci),mi1, . . . ,mis), i = 1, . . . , l
}
.
Note that G(O) is the natural valuation of the ordering PO := {0} ∪ {czi11 · · ·ziss + h:
c ∈ Q˙ and G(O)(czi11 · · ·ziss ) < G(O)(h)}. Hence O → G(O) defines a mapping from
Tot(ΓQ × Zs ) to VP .
Clearly, F(G(O)) = O for every O ∈ Tot(ΓQ × Zs ). For every P ∈ OrdQ(R) we
have G(F(vP )) = φ ◦ vP , where φ :ΓP → ΓQ × Zs is the isomorphism from above.
Hence, the valuation G(F(vP )) is equivalent to vP . Therefore, F and G give a one-to-
one correspondence between VQ and Tot(ΓQ × Zs ).
Claim 3. For every v ∈ VQ, there is a one-to-one correspondence between the orderings
P ∈ OrdQ(R) such that vP = v and the set {−1,1}s .
By Claim 1, every element z ∈ R˙ has the lowest monomial with respect to vP , we denote
it lP (z). We have vP (z− lP (z)) > vP (lP (z)), since every monomial of z− lP (z) has strictly
larger vP than lP (z). Therefore, vP (z) = vP (lP (z)) and z, lP (z) have the same sign with
respect to P . Consequently, P is uniquely determined by vP and the signs of z1, . . . , zs .
The one-to-one correspondence is given explicitly by
Tot
(
ΓQ × Zs
)× {−1,1}s → OrdQ(R),
(O,σ1, . . . , σs) → PO,σ1,...,σs :=
{
cz
i1
1 · · ·ziss + h: cσ i11 · · ·σ iss ∈ Q˙ and
G(O)
(
cz
i1
1 · · ·ziss
)
<G(O)(h)
}
. 
Remark. Every total ordering of ΓQ ⊕Zs extends uniquely to a total ordering of the group
of differencesD(ΓQ⊕Zs ) =D(ΓQ)⊕Zs which extends uniquely to a total ordering of the
Q-vector space (D(ΓQ)⊕Zs )⊗Q = (D(ΓQ)⊗Q)⊕Qs . The dimension of D(ΓQ)⊗Q
over Q is bounded by the transcendence degree of K over R.
Example. Let A be as in the previous example. We want to describe the real spectrum of A.
Note that the description of orderings on Fract(A/J ) is known for all real prime ideals J
J. Cimpricˇ / Journal of Algebra 277 (2004) 282–297 289except for J = (0). (See [17] for R(t, x), [21] or our Theorem 4 for Rq(x1, x2), [16] or our
comments below for R(t). The description of orderings on an algebraic extension of R(x)
can be obtained in principle by the extension theory for valuations. Finally, R has exactly
one ordering.)
It remains to describe orderings with zero support. For each a ∈ R ∪ {∞} we define
a valuation va :R[t] \ {0} → Z: v∞ = −deg and va(f (t)) = m if f (i)(a) = 0 for i =
0,1, . . . ,m− 1 and f (m)(a) 	= 0. The natural valuation of every support zero ordering on
R[t] is equal to one of va . For every va , there exist exactly two orderings of R[t] with
vP = va . Let O be an ordering on R3, which extends the natural ordering on the first
factor (this means that (1,0,0) ∈ O) and let a ∈ R ∪ ∞. The valuation va,O is defined by
va,O(
∑
(i,j)∈Λ rij (t)xi1x
j
2 ) = minO{(va(rij (t)), i, j), (i, j) ∈ Λ} where rij (t) 	= 0 for all
(i, j) ∈Λ. For each va,O , there are exactly eight orderings of A with vP = va,O .
3. Quantized enveloping algebras
Let g be a complex semisimple Lie algebra. Let Φ be its root system and let ∆ =
{α1, . . . , αn} be a system of simple roots in Φ . Write di = (αi , αi)/2 ∈ {1,2,3} and
aij = (αi , αj )/di ∈ Z for i, j = 1, . . . , n.
Let k be a field and q a nonzero element of k which is not a root of 1. Write qi = qdi ,
[n]i = qn−1i + qn−3i + · · · + q−n+1i , [n]i ! = [1]i[2]i · · · [n]i , E(s)i = Esi /[s]i !, F (s)i =
Fsi /[s]i !. Then Uq(g) is the associative unital k algebra with 4n generatorsEi,Fi,Ki,K−1i
subjected to relations
KiK
−1
i =K−1i Ki = 1, KiKj =KjKi, EjKi = q
−aij
i KiEj ,
KiFj = q−aiji FjKi, EiFj − FjEi = δij
Ki −K−1i
qi − q−1i
,
1−aij∑
r=0
(−1)rE(1−aij−r)i EjE(r)i = 0 (i 	= j),
1−aij∑
r=0
(−1)rF (1−aij−r)i FjF (r)i = 0 (i 	= j).
The Hopf algebra structure of Uq(g) is defined by
∆(Ki)=Ki ⊗Ki, ε(Ki)= 1, S(Ki) =K−1i ,
∆(Ei)=Ei ⊗ 1 +Ki ⊗Ei, ε(Ei)= 0, S(Ei)= −K−1i Ei,
∆(Fi) = Fi ⊗K−1i + 1 ⊗Fi, ε(Fi)= 0, S(Ei)= −FiKi.
Let U+ be a unital subalgebra of Uq(g) generated by Ei , i = 1, . . . , n, U− a unital
subalgebra generated by Fi , i = 1, . . . , n, and U0 a unital subalgebra generated by Ki
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ω(Ki)=K−1i , and ω(Fi) =Ei . Since ω(U+) =U−, U+ and U− are isomorphic.
Proposition 5. For any k, q , g, the following are equivalent:
(1) Uq(g) is formally semireal,
(2) U+ is formally semireal,
(3) k is formally real.
Proof. k is a unital subring of U+, U+ is a unital subring of Uq(g) and there exists a
unital homomorphism φ :Uq(g) → k defined by φ(Ei) = 0, φ(Fi ) = 0, φ(Ki) = 1 for
i = 1, . . . , n. 
Let A be an associative ring and (Γ,+) a totally ordered cancellative semigroup. We
can extend the operation and ordering to Γ ∪ ∞ by γ + ∞ = ∞ + γ = ∞ + ∞ = ∞ and
γ <∞ for every γ ∈ Γ . A mapping v :A→ Γ ∪ ∞ is a filtration if for any a, b ∈A,
(1) v(a)= ∞ if and only if a = 0,
(2) v(ab) v(a)+ v(b),
(3) v(a + b)min{v(a), v(b)}.
For every filtration v :A → Γ ∪ ∞ and every γ ∈ Γ , the sets Bγ = {a ∈ A: v(a)  γ }
and Cγ = {a ∈ A: v(a) > γ } are closed for addition. Write Aγ = Bγ /Cγ , the canonical
projection from Bγ to Aγ will be denoted by a → a. Note that the mapping Aγ ×Aδ →
Aγ+δ , (a, b) → ab is well-defined. We call gr(A,v) =⊕γ∈Γ Aγ the graded ring of A
with respect to v. Let gr(v) be the natural filtration of gr(A,v).
For every filtration v :A→ Γ ∪ ∞, the following are equivalent:
• v(ab)= v(a)+ v(b) for every nonzero a, b ∈A,
• gr(A,v) has no zero divisors.
A filtration which satisfies one of these equivalent properties is called a valuation. Each
property implies that A has no zero divisors.
Example. In [8, Section 1], De Concini and Kac construct a total degree d :Uq(g) → Γ .
They show that v = −d is a filtration and that gr(Uq(g), v) has a presentation with
generators Eα,Fα (α ∈ Φ+), K±1i (i = 1, . . . , n) and relations
KiKj =KjKi, KiK−1i = 1, EαFβ = FβEα,
KiEα = q(α,αi)EαKi, KiFα = q−(α,αi)FαKi,
EαEβ = q(α,β)EβEα, FαFβ = q(α,β)FβFα.
We will describe gr(v) for later reference. If si1 · · · siN is the longest reduced expression
in the Weyl group W(Φ), then the elements βm = si1 · · · sim−1(αim) (m = 1, . . . ,N ) are
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ht(β) =∑ni=1 ki . For any a = (a1, . . . , aN) ∈ ZN0 and b = (b1, . . . , bN) ∈ ZN0 we write
EaF b = Ea11 · · ·EaNN Fb11 · · ·FbNN and ht(EaF b) =
∑N
i=1(ai + bi)ht(βi). Every nonzero
element z ∈ gr(A,v) can be expressed uniquely as z = ∑ri=1 ciEai F bi where ci are
nonzero polynomials in K±1i (i = 1, . . . , n) and 2N -tuples (ai ,bi ), i = 1, . . . , r , are
pairwise different. Then
gr(v)(z)= min
i
(
ai ,bi ,ht
(
Eai F bi
)) ∈ Z2N+10 ,
where Z2N+10 has the reverse lexicographic ordering.
Let v be a valuation on a domain A. We say that a support zero ordering P of A is
compatible with v if a + b ∈ P for every a ∈ P and every b ∈ A such that v(b) > v(a).
(E.g., P is always compatible with vP , we used this already.) The same argument as in [23,
Proposition 2.5] shows that there is a natural one-to-one correspondence between
• support zero orderings of A compatible with v, and
• support zero orderings of gr(A,v) compatible with gr(v),
given by P → {a + ξ : a ∈ P , gr(v)(ξ) > gr(v)(a)} and P → {a: a ∈ P }.
Example. Let A and v be as in the previous example. Suppose that k has an ordering
> such that q(αi,αj ) > 0 for every i, j = 1, . . . , n. Then gr(A,v) is a (localization of)
quantum affine ring with positive parameters, hence it is formally real by Proposition 1.
However, this is not enough to show that A is formally real. We must construct a support
zero ordering of gr(A,v) which is compatible with gr(v). It will follow then that A has a
support zero ordering compatible with v.
The elements KmEaF b where m ∈ Zn and a,b ∈ Z2N+10 form a k-basis of gr(A,v). For
every total ordering O of (Zn,+) we define a monomial ordering O by KmEaF b O
Km
′
Ea
′
F b
′ if and only if either gr(v)(EaF b) >rlex gr(v)(Ea
′
F b
′
) or gr(v)(EaF b) =
gr(v)(Ea′F b′) and m − m′ ∈ O . For every element z = ∑ri=1 diKmiEai F bi where
d1, . . . , dr ∈ k \ {0} and Km1Ea1F b1 O · · · O KmrEar F br we write lO(z) = dr . Then
PO = {z ∈ gr(A,v): z = 0 or lO(z) > 0} is a suport zero ordering compatible with gr(v).
Proposition 6. For any k, q , g, the following are equivalent:
(1) Uq(g) is formally real,
(2) U+ is formally real,
(3) k is formally real and q(αi,αj ) > 0 for any i, j = 1, . . . , n.
Proof. If P is a support zero ordering of Uq(g), then P ∩ U+ is a support zero ordering
of U+. Hence (1) implies (2). If Q is a support zero ordering of U+, then Q ∩ k is a
support zero ordering of k. Since EjKi and KiEj have the same sign with respect to Q,
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shows that (3) implies (1). 
Example. Let q ∈ R \ {0,1} and let A = Uq(sl2(R)) be the R-algebra with generators
E,F,K,K−1 and relations:
KK−1 =K−1K = 1, KEK−1 = q2E, KFK−1 = q−2F,
EF − FE = K −K
−1
q − q−1 .
Let J be a real prime ideal of A. If E /∈ J , then J extends to a prime ideal of AE . Note
that AE ∼= R[C]q2[K±1,E±1] where
C =EF + q
−1K + qK−1
(q − q−1)2 = FE +
qK + q−1K−1
(q − q−1)2
is the quantum Casimir element. By the example after Proposition 3, it follows that either
J = (0) or J = (C − λ) (λ ∈ R). If E ∈ J , then K −K−1 = (q − q−1)(EF − FE) ∈ J .
It follows that either K − 1 ∈ J or K + 1 ∈ J . Since (q2 − 1)KF = FK − KF =
F(K ± 1)− (K ± 1)F ∈ J and K /∈ J , it follows that F ∈ J . Hence, J = (E,F,K + 1)
or J = (E,F,K − 1).
The description of Sper(A) consists of a complete list of real prime ideals and a
complete list of orderings of the skew field of fractions of each factor domain:
• If J = (E,F,K + 1) or J = (E,F,K − 1), then Fract(A/J ) ∼= R has exactly one
ordering.
• If J = (C−λ) where λ ∈ R, then Fract(A/J )∼= Rq2(K,E) and we have a four-to-one
correspondence between the orderings of Rq2(K,E) and the orderings of the abelian
group Z × Z.
• If J = (0), then Fract(A/J )∼= R(C)q2(K,E) and we have an eight-to-one correspon-
dence between the orderings of R(C)q2(K,E) and the Cartesian product of the set
R ∪ {∞} and the set of all orderings of the abelian group Z × Z × Z which contain
(1,0,0).
Remark. It is conjectured that Fract(Uq(g)) is a quantum Weyl field for every g. By [13],
this is true if g = sln. Not much is known about the prime spectrum of Uq(g).
Remark. By [4, Theoreme 6.2.2], one can find a quantum affine ring U+ and a natural
embedding φ : Spec(U+) → Spec(U+) such that Fract(U+/P ) ∼= Fract(U+/φ(P )) for
every P ∈ SpecU+. It follows that φ maps real primes into real primes. Moreover, there
is a one-to-one correspondence between orderings of U+ with support P and support zero
orderings of the ring U+/φ(P ). By Proposition 2, U+/φ(P ) is a quantum affine ring and
its center Z is a formally real affine algebra over k. If k = R, then it is possible in principle
to describe all support zero orderings of Z by the method sketched in the introduction.
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FractU+ is given in [2].
4. Quantized function algebras
Let g be a semisimple Lie algebra, k a field, and q a nonzero element of k. For every
dominant weight λ, write Lq(λ) for the unique simple left Uq(g)-module with highest
weight λ and let Lq(λ)∗ be its vector space dual considered as a right Uq(g)-module. For
every dominant weight λ, every ξ ∈ Lq(λ)∗ and every m ∈ Lq(λ) we define an element
cλξ,m ∈Uq(g)∗ by
cλξ,m(a)= ξ(am), a ∈ Uq(g).
The k-subspace of Uq(g)∗ spanned by all cλξ,m is called the quantized function algebra
kq [G] (G is the simply connected Lie group of g). Many authors write Oq(G) instead
of kq[G]. The dual Uq(g)∗ has an algebra structure defined by
cc′(a)=
∑
c(a(1))c
′(a(2)) if ∆(a)=
∑
a(1) ⊗ a(2),
where ∆ :Uq(g) → Uq(g) ⊗ Uq(g) is the comultiplication of Uq(g). The counit
ε :Uq(g) → k plays the role of 1 in Uq(g)∗. It turns out that kq [G] is a unital subalge-
bra of Uq(g)∗.
Proposition 7. Let k be a field, q ∈ k and G a simply connected Lie group. The ring kq [G]
is semireal if and only if k is a formally real field. The ring kq [G] is formally real if and
only if k has an ordering such that q > 0.
Proof. The claim about formal semireality is proved as usual. The claim about formal
reality follows from the fact that Fract(kq[G]) is a quantum Weyl field [2, Section 3.3] and
from our computation of its parameters, see below.
Let α1, . . . , αn be a base of the root system Φ , s1, . . . , sn the corresponding reflections
(si(β) = β − ((2(β,αi))/(αi, αi))αi ), and λ1, . . . , λn the corresponding fundamental
weights ((λi, (2αj )/(αj ,αj )) = δij ). Let w0 = si1 · · · siN be the longest reduced expression
in W . Write y0 = Id and yk = si1 · · · sik for every k = 1, . . . ,N . The elements β1 =
y0(αi1), β2 = y1(αi2), . . . , βN = yN−1(αiN ) are distinct positive roots and every positive
root is one of them. Write ρ =∑ni=1 λi = 12 ∑Nj=1 βj .
In [2, Section 3.3], Caldero defines elements
ci = cλiw0λi,λi , i = 1, . . . , n, di = c
ρ
yi−1ρ,−yiρ, i = 1, . . . ,N,
d ′i = cρyi−1ρ,−yi−1ρ, i = 1, . . . ,N,
and proves that they generate a quantum affine ring whose skew field of fractions is
isomorphic to Fract(kq [G]). One can obtain explicit q-commutation relations between the
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9.1.4(ii)], we have
dkcl = q−(ykρ,λl )−(yk−1ρ,w0λl)cldk, d ′kcl = q−(yk−1ρ,λl)−(yk−1ρ,w0λl)cldk.
From [2, (1.5.1)] we obtain
dkd
′
l = q(yk−1ρ,yl−1ρ)−(ykρ,yl−1ρ)d ′l dk, if k  l,
dkd
′
l = q−(yk−1ρ,yl−1ρ)+(ykρ,yl−1ρ)d ′l dk, if k < l,
dkdl = q(yk−1ρ,yl−1ρ)−(ykρ,ylρ)dldk, if k  l,
d ′kd ′l = d ′l d ′k.
All exponents of q are integers. We claim that at least one of them is odd. Let dkcl =
qm(k,l)cldk where m(k, l)= −(ykρ,λl)− (yk−1ρ,w0λl). For every k = 1, . . . ,N we have∑n
l=1 m(k, l) = −(ykρ,ρ) − (yk−1ρ,w0ρ). Since ykρ = yk−1ρ − βk and w0ρ = −ρ,
it follows that
∑n
l=1 m(k, l) = (βk, ρ). If k is such that βk is a short simple root, then∑n
l=1 m(k, l)= 1. It follows that at least one m(k, l) is odd. 
Example. If k = R, q > 0, G = SL2(R), and R = kq[G] (= Oq(SL2(R))), then Sper(R)
can be completely described. The ring R has generators a, b, c, d and relations
ab = qba, ac = qca, bd = qdb, cd = qdc, bc = cb,
ad − qbc= da − q−1bc = 1.
A prime ideal which contains a, contains also b or c, therefore it contains 1. So there is a
one-to-one correspondence between SperR and SperRa . But Ra has generators a, b, c and
relations ab = qba, ac= qca, bc= cb, hence it is a quantum affine ring over R. If a prime
ideal J contains b, then Ra/J is a factor domain of Rq [a±1, c]. If b /∈ J , every ordering
with support J extends uniquely to Ra,b ∼= R[t]q [a±1, b±1] (t = cb−1). The orderings
Rq [a, c] are known and the orderings of R[t]q [a, b] were described in Section 2.
Remark. The structure of Spec(kq [G]) is described in [1, Section II.4.]. If G = Mn(k),
then Fract(kq [G]/J ) is a quantum Weyl field for every J ∈ Spec(kq [G]), see [5].
5. Quantized Weyl algebras
Let k be a field Q = (q1, . . . , qn) ∈ (k×)n and let Γ = (γij ) be a multiplicatively
antisymmetric n×n matrix over k. The multiparameter quantized Weyl algebra of degree n
over k is the k-algebra AQ,Γn generated by elements x1, y1, . . . , xn, yn subject to the
following relations:
J. Cimpricˇ / Journal of Algebra 277 (2004) 282–297 295yiyj = γij yjyi (all i, j), xixj = qiγij xjxi (i < j),
xiyj = γjiyj xi (i < j), xiyj = qjγjiyj xi (i > j),
xjyj = 1 + qjyjxj +
∑
l<j
(ql − 1)ylxl (all j).
Proposition 8. The k-algebra R = AQ,Γn has a support zero ordering if and only if k has
an ordering such that qi > 0 and γij > 0 for every i, j = 1, . . . , n.
The k-algebra R is semireal if and only if k is semireal and for every m ∈ {1, . . . , n}
such that q1 = q2 = · · · = qm−1 = 1 we have γij > 0 for all i, j = 1, . . . ,m.
Proof. If R has a support zero ordering P , then γij ∈ P ∩ k× for i, j = 1, . . . , n since
yiyj and yjyi have the same sign. Write zi = xiyi − yixi for i = 1, . . . , n and note
that ziyi = qiyizi . Since yizi has the same sign as ziyi , it follows that qi ∈ P ∩ k× for
i = 1, . . . , n.
If k is formally real, qi > 0 and γij > 0 for all i, j , then
P := {0} ∪
{
s∑
r=1
ciy
ir1
1 · · ·yirnn xjr11 · · ·xjrnn :
(i11, . . . , j1n) <lex · · ·<lex (is1, . . . , jsn) and cs > 0
}
is a support zero ordering of R.
Assume now that R is semireal. Clearly, k is semireal, too. For every m such that
q1 = · · · = qm−1 = 1, we have xjyj = 1 + qjyjxj for j = 1, . . . ,m. By definition, R has
a proper real prime ideal J . If γij < 0 for some i, j = 1, . . . ,m, then it follows from
yiyj = γij yjyi that either yi ∈ J or yj ∈ J , a contradiction with xiyi = 1 + qiyixi or
xjyj = 1 + qjyjxj . Therefore, γij > 0 for i, j = 1, . . . ,m.
To prove the converse, we distinguish two cases. If q1 = · · · = qn = 1, then γij > 0 for
all i, j = 1, . . . , n by the assumption of the proposition. Then R is formally real by the
first paragraph. Otherwise, there is m ∈ {1, . . . , n} such that q1 = q2 = · · · = qm−1 = 1 and
qm 	= 1. Write Qm = (1m−1, qm) and Γm for the upper left m×m submatrix of Γ . Let Sm
be a subring of AQm,Γmm generated by x1, . . . , xm, y1, . . . , ym−1. The commutation relations
of Sm contain only parameters γij , i, j = 1, . . . ,m which are positive by the assumption.
Hence, Sm has a support zero ordering by the same argument as in the first paragraph. We
also have a unital homomorphism φ :R → (Sm)xm defined by
φ(xi) = xi, φ(yi)= yi, i = 1, . . . ,m− 1,
φ(xm) = xm, φ(ym)= 11 − qm x
−1
m ,
φ(xj )= 0, φ(yj )= 0, j =m+ 1, . . . , n.
Hence, R is semireal. 
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and γij , i, j = 1, . . . , n, appear as entries of its matrix [12, Section 3.1]. The claim about
formal reality then follows from Proposition 1.
Remark. The structure of the prime spectrum of algebras AQ,Γn is discussed in [1]. If
q1 	= 1, . . . , qn 	= 1, then for every prime ideal J of AQ,Γn , the skew field Fract(AQ,Γn /J )
is a quantum Weyl field over a finitely generated extension of k, see [3].
6. Final comments and open problems
(1) The description of orderings in the quantum case is much easier than in the classical
case. The description of the real spectrum of A1(R) = R〈x, y〉/(yx − xy − 1) and
U(sl2(R)) is still an open problem, see [22].
(2) Quantum groups usually have nontrivial involutions. Can the results of this paper be
extended to ∗-orderings? See [7,23,24].
(3) As noted by Ringel, [26], U+ is an iterated skew polynomial ring so further analysis
of Sper(U+) is possible. What are the best results for minimal generation of basic
semialgebraic sets? See [22] for usual orderings and [23] for ∗-orderings.
(4) The results of this paper can probably be extended to orderings of higher level. See
[6] for the classification of orderings of higher level on quantum polynomials. See
also [25].
(5) Quantized enveloping algebras are graded by their root lattice. Positivstellensätze for
noncommutative graded rings have been developed by Igor Klep, see [15].
(6) Is there a reasonable stratification theory for real spectra of quantum groups? See [10].
(7) Let A and B be unital k-algebras with support zero orderings which induce the same
ordering on k. Is it always true that A⊗k B has a support zero ordering extending the
orderings on A and B?
Acknowledgments
This work was done while the author was visiting the Research Unit “Algebra and
Logic” at the University of Saskatchewan, Saskatoon, Canada. He was supported by NATO
Science Fellowship.
References
[1] K.A. Brown, K.R. Goodearl, Lectures on algebraic quantum groups, in: Advanced Courses in Mathematics,
CRM Barcelona, Birkhäuser, Basel, 2002.
[2] P. Caldero, On the Gelfand–Kirillov conjecture for quantum algebras, Proc. Amer. Math. Soc. 128 (4) (2000)
943–951.
[3] G. Cauchon, Quotients premiers de Oq(mn(k)), J. Algebra 180 (1996) 530–545.
[4] G. Cauchon, Effacement des dérivations et spectres premiers des algèbres quantiques, J. Algebra 260 (2)
(2003) 476–518.
J. Cimpricˇ / Journal of Algebra 277 (2004) 282–297 297[5] G. Cauchon, Spectre premier de Oq(Mn(k)): image canonique et séparation normale, J. Algebra 260 (2)
(2003) 519–569.
[6] J. Cimpricˇ, Complete precones on noncommutative integral domains, Comm. Algebra 28 (1) (2000) 103–
119.
[7] T.C. Craven, T.L. Smith, Ordered ∗-rings, J. Algebra 238 (1) (2001) 314–327.
[8] C. De Concini, V.G. Kac, Representations of quantum groups at roots of 1, in: Operator Algebras, Unitary
Representations, Enveloping Algebras and Invariant Theory, Paris 1989, Birkhäuser, Boston, 1990, pp. 471–
506.
[9] L. Fuchs, Infinite Abelian Groups, Academic Press, New York, 1970.
[10] K.R. Goodearl, Prime spectra of quantized coordinate rings, in: Interactions between Ring Theory and
Representations of Algebras, Murcia, in: Lecture Notes in Pure and Appl. Math., vol. 210, Dekker, New
York, 2000, pp. 205–237.
[11] K.R. Goodearl, E.S. Letzter, Prime factor algebras of the coordinate ring of quantum matrices, Proc. Amer.
Math. Soc. 121 (4) (1994) 1017–1025.
[12] D.A. Jordan, A simple localization of a quantized Weyl algebra, J. Algebra 174 (1995) 267–281.
[13] F. Fauquant-Millet, Quantification de la localisation de Dixmier de U(sln+1(C)), J. Algebra 218 (1999)
93–116.
[14] A. Joseph, Quantum Groups and Their Primitive Ideals, Springer-Verlag, Berlin, 1995.
[15] I. Klep, Noncommutative graded Positivstellensätze, Comm. Algebra 32 (2004) 2029–2039.
[16] M. Knebusch, C. Scheiderer, Einführung in die reelle Algebra, Vieweg, Wiesbaden, 1989.
[17] F.V. Kuhlmann, S. Kuhlman, M. Marshall, M. Zekavat, Embedding ordered fields in power series fields,
J. Pure Appl. Algebra 169 (1) (2002) 71–90.
[18] K.H. Leung, M. Marshall, Y. Zhang, The real spectrum of a noncommutative ring, J. Algebra 198 (1997)
412–427.
[19] G. Lusztig, Quantum groups at roots of 1, Geom. Dedicata 35 (1990) 89–114.
[20] G. Lusztig, Introduction to Quantum Groups, in: Progr. Math., vol. 110, Birkhäuser Boston, Boston, MA,
1993.
[21] M. Marshall, Y. Zhang, Orderings, real places, and valuations on noncommutative integral domains,
J. Algebra 212 (1999) 190–207.
[22] M. Marshall, Y. Zhang, Ordering and valuation on twisted polynomial rings, Comm. Algebra 28 (3) (2000)
3763–3776.
[23] M. Marshall, ∗-orderings and ∗-valuations on algebras of finite Gelfand–Karillov dimension, J. Pure Appl.
Algebra 179 (3) (2003) 255–271.
[24] M. Marshall, ∗-orderings on a ring with involution, Comm. Algebra 28 (2000) 1157–1173.
[25] V. Powers, Holomorphy rings and higher level orderings on skew fields, J. Algebra 136 (1) (1991) 51–59.
[26] C.M. Ringel, PBW-bases of quantum groups, J. Reine Angew. Math. 470 (1996) 51–88.
